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HAUSDORFF MEASURE OF SETS OF DIRICHLET
NON-IMPROVABLE AFFINE FORMS
TAEHYEONG KIM AND WOOYEON KIM
Abstract. For a non-increasing real valued function ψ, a pair pA,bq of
a real mˆ n matrix A and b P Rm is said to be ψ-Dirichlet improvable
if the system
}Aq` b´ p}m ă ψpT q and }q}n ă T
has a solution p P Zm, q P Zn for all sufficiently large T . Kleinbock and
Wadleigh established an integrability criterion for the Lebesgue measure
of the ψ-Dirichlet non-improvable set. In this paper, we prove a similar
criterion for the Hausdorff measure of the ψ-Dirichlet non-improvable
set. Also, we extend this result to the singly metric case that b is fixed.
As an application, we compute the Hausdorff dimension of the set of
pairs pA,bq with uniform Diophantine exponents pwpA,bq ď w.
1. Introduction
Let m,n be positive integers, and denote by Mm,npRq the set of m ˆ n
real matrices. Dirichlet’s Theorem (1842) is the starting point of this paper:
Dirichlet’s Theorem. For any A P Mm,npRq and T ą 1, there exist p P
Zm and q P Znzt0u such that
(1.1) }Aq´ p}m ď
1
T
and }q}n ă T.
Here and hereafter, } ¨ } stands for the norm on Rk given by }x} “
max1ďiďk |xi|. Dirichlet’s theorem is a uniform Diophantine approxima-
tion result because it guarantees a non-trivial integral solution for all T . A
weaker form guaranteeing that such a system is solvable for an unbounded
set of T is called asymptotic approximation. The following corollary is an
example of asymptotic approximation from Dirichlet’s theorem.
Dirichlet’s Corollary. For any A P Mm,npRq there exist infinitely many
q P Zn such that
(1.2) }Aq´ p}m ă
1
}q}n
for some p P Zm.
The above two statements give a rate of approximation which works for
all real matrices. However, if we replace the right-hand sides of (1.1) and
(1.2) by faster decaying functions of T and }q}n respectively, then one can
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ask sizes of corresponding sets of matrices satisfying the improved systems.
Those sets are very well studied in the setting of Dirichlet’s Corollary.
For a function ψ : R` Ñ R`, we say that A PMm,npRq is ψ-approximable
if there exist infinitely many q P Zn such that 1
(1.3) }Aq´ p}m ă ψp}q}nq for some p P Zm.
Denote by Wm,npψq the set of ψ-approximable matrices in the unit cube
r0, 1smn. Then the set Wm,npψq satisfies the following zero-one law with
respect to the Lebesgue measure.
Khintchine-Groshev Theorem. Given a non-increasing ψ, the setWm,npψq
has zero (resp. full) Lebesgue measure if and only if the series
ř
k ψpkq con-
verges (resp. diverges).
To distinguish between sizes of null sets, we can consider Hausdorff mea-
sure and dimension as the appropriate tools. The following result was proved
by Jarn´ık in 1931 for n “ 1 and [BBDV09] in general.
Theorem 1.1 (Jarn´ık). Let ψ be a non-increasing function. Then,
HspWm,npψqq “
$’’’’’’&’’’’’’%
0 if
8ÿ
q“1
qm`n´1
˜ pψpqq
q
¸s´mpn´1q
ă 8,
Hspr0, 1smnq if
8ÿ
q“1
qm`n´1
˜ pψpqq
q
¸s´mpn´1q
“ 8,
where pψpqq “ ψpqnq 1m .
For similar generalizations in the setting of Dirichlet’s Theorem, let us
give the following definition: for a non-increasing function ψ : rT0,8q Ñ R`,
where T0 ą 1 is fixed, we say that A PMm,npRq is ψ-Dirichlet if the system
}Aq´ p}m ă ψpT q and }q}n ă T
has a nontrivial integral solution for all large enough T . Surprisingly, no
zero-one law analogous to Khintchine-Groshev Theorem was known until
recently when Kleinbock and Wadleigh [KW18] proved a zero-one law on the
Lebesgue measure of Dirichlet improvable numbers, that is, m “ n “ 1. The
Hausdorff measure-theoretic results for Dirichlet non-improvable numbers
analogous to Theorem 1.1 have also been established in [HKWW18]. But
the general cases are still open.
Now, we focus our attention on inhomogeneous Diophantine approxima-
tion replacing the values of a system of linear forms Aq by those of a sys-
tem of affine forms q ÞÑ Aq ` b, where A P Mm,npRq and b P R
m. Let
1Here, we follow the definition given in [KM99, KW19] but, in Section 4, we will use
the slightly different definition, such as [BV10], where the inequality }Aq ´ p} ă ψp}q}q
is used instead of (1.3).
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ĂMm,npRq :“ Mm,npRq ˆ Rm. Following [KW19], for a non-increasing func-
tion ψ : rT0,8q Ñ R`, we say that a pair pA,bq P ĂMm,npRq is ψ-Dirichlet
if there exist p P Zm and q P Zn such that
(1.4) }Aq` b´ p}m ă ψpT q and }q}n ă T
whenever T is large enough. Note that in this definition, the case q “ 0 is
allowed. Denote by pDm,npψq the set of ψ-Dirichlet pairs in the unit cube
r0, 1smn`m.
Recently, Kleinbock and Wadleigh established the following zero-one law
for the set pDm,npψq with respect to the Lebesgue measure.
Theorem 1.2. [KW19] Given a non-increasing ψ, the set pDm,npψq has zero
(resp. full) Lebesgue measure if and only if the series
(1.5)
ÿ
j
1
ψpjqj2
diverges (resp. converges).
As mentioned in [KW19, Section 7], one can naturally ask whether The-
orem 1.2 can be extended along two directions:
‚ Zero-infinity law for a Hausdorff measure,
‚ Singly metric case (b fixed).
Although Theorem 1.2 provides the Lebesgue measure of the set pDm,npψq,
nothing was known about the Hausdorff dimension of this set. In this article,
we give an analogue of Theorem 1.2 for the Hausdorff measure by establish-
ing the zero-infinity law analogous to Theorem 1.1. Let us state our main
theorem.
Theorem 1.3. Given a decreasing function ψ with limTÑ8 ψpT q “ 0 and
0 ď s ď mn`m, the s-dimensional Hausdorff measure of pDm,npψqc is given
by
Hsp pDm,npψqcq “
$’’’’’&’’’’’%
0 if
8ÿ
q“1
1
ψpqqq2
˜
q
1
n
ψpqq
1
m
¸mn`m´s
ă 8,
Hspr0, 1smn`mq if
8ÿ
q“1
1
ψpqqq2
˜
q
1
n
ψpqq
1
m
¸mn`m´s
“ 8.
On the other hand, Theorem 1.2 provides us only the information on
Lebesgue measure in the doubly metric case, i.e. it computes Lebesgue
measure of the set pDm,npψq Ď ĂMm,n. A more refined question in inhomoge-
neous Diophantine approximation is fixing b P Rm and asking the analogous
question for the slices of pDm,npψq. For fixed b P Rm, let pDbm,npψq :“ tA P
Mm,npRq : pA,bq P pDm,npψqu. The following theorem answers the question
for the singly metric case.
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Theorem 1.4. Given a decreasing function ψ with limTÑ8 ψpT q “ 0 and
0 ď s ď mn, the s-dimensional Hausdorff measure of pDm,npψqc is given by
Hsp pDbm,npψqcq “
$’’’’’&’’’’’%
0 if
8ÿ
q“1
1
ψpqqq2
˜
q
1
n
ψpqq
1
m
¸mn´s
ă 8,
Hspr0, 1smnq if
8ÿ
q“1
1
ψpqqq2
˜
q
1
n
ψpqq
1
m
¸mn´s
“ 8.
for every b P RmzZm.
Theorem 1.3 and Theorem 1.4 can be applied to compute the Hausdorff
dimension of the Dirichlet non-improvable set for some specific functions
explicitly. For example, let ψapqq :“ q
´a and ψa,bpqq :“ q
´aplog qqb for
a ą 0, b ě 0. Our results directly gives the following: For 0 ă a ď 1, the
Hausdorff dimension of pDbm,npψa,bqc is sa :“ mn´ mnp1´aqm`na and
Hsap pDbm,npψa,bqcq “
$’&’%
0 if b ą
m` na
m` n
,
Hsapr0, 1smnq if b ď
m` na
m` n
for every b P RmzZm. For the doubly metric case, the Hausdorff dimension
of pDm,npψa,bqc is sa `m and
Hsa`mp pDm,npψa,bqcq “
$’&’%
0 if b ą
m` na
m` n
,
Hsa`mpr0, 1smn`mq if b ď
m` na
m` n
.
Also, we can observe that the Hausdorff dimension is always bigger than
mn ´ n for the singly metric case and mn `m ´ n for the doubly metric
case regardless of the choice of ψ.
We remark that the above results for ψa can be stated in terms of uniform
Diophantine exponents. We denote by pwpA,bq the supremum of the real
numbers w for which, for all sufficiently large T , the inequalities
}Aq` b´ p} ă T´w and }q} ă T
have an integral solution p P Zm and q P Zn. For further details and
references regarding the above notion, see [BL05, B16]. Considering ψa
with a “ mw
n
, we have the following corollary by the definition.
Corollary 1.5. For any w ą 0,
dimH tpA,bq PMm,npRq ˆ R
m : pwpA,bq ď wu “ min"mn`m´ n´mw
1` w
,mn`m
*
,
dimH tA PMm,npRq : pwpA,bq ď wu “ min"mn´ n´mw
1` w
,mn
*
for every b P RmzZm.
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The structure of this paper is as follows: In Section 2, we introduce some
preliminaries including ubiquitous systems and reduce the inhomogeneous
Diophantine approximation problem to a shrinking target problem in the
space of grids in Rm`n. In Section 3 and Section 4, we prove the con-
vergent part and the divergent part of the main theorem, respectively. In
both of the proofs of the convergence and the divergence, our main tool is a
duality phenomenon between the homogeneous Diophantine approximation
and the inhomogeneous Diophantine approximation, which is called Trans-
ference Principle (see [Cas57, BL05]). Roughly speaking, tA P Mm,npRq is
well-approximable if and only if pA,bq P Mm,npRq ˆ R
m is Dirichlet non-
improvable for most of b P Rm. In Section 3, we count the number of cover-
ing balls following the method used in [KKLM17] based on this observation.
In Section 4, we use mass distributions on some well-approximable sets for
the doubly metric case and establish a local ubiquity with an appropriate
ubiquitous function for the singly metric case.
Acknowledgments. We would like to express our gratitude to Seonhee
Lim for introducing us to the subject and for her constant help and encour-
agement. We also would like to thank Jiyoung Han for carefully reading the
draft and providing helpful comments.
2. Preliminaries
2.1. Hausdorff measure and auxiliary lemmas. Below we give a brief
introduction to Hausdorff measure and dimension. For further details, see
[Fal].
Let E be a subset of a Euclidean space Rk. For δ ą 0, a cover C of E is
called a δ-cover of E if diampCq ď δ for all C P C. For 0 ď s ď k, Let
HsδpEq “ inf
ÿ
CPC
diampCqs,
where the infimum is taken over all finite or countable δ-cover C of E. Then
the s-dimensional Hausdorff measure of a set E is defined by
HspEq “ lim
δÑ0
HsδpEq.
Finally, the Hausdorff dimension of E is given by
dimHpEq “ infts ě 0 : H
spEq “ 0u.
The following principle commonly known as the Mass Distribuiton Prin-
ciple [Fal, §4.1] will be used to show the divergent part of Theorem 1.3.
Lemma 2.1 (Mass Distribution Principle). Let µ be a probability measure
supported on F Ă Rk. Suppose there are positive constants c ą 0, r0 ą 0,
and 0 ď s ď k such that
µpBq ď crs
for any ball B with radius r ď r0. If E is a subset of F with µpEq “ λ ą 0
then HspEq ě λ{c.
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We state the Hausdorff measure version of the Borel-Cantelli lemma
[BD99, Lemma 3.10] which will allow us to estimate the Hausdorff mea-
sure of the convergent part of Theorem 1.3 and Theorem 1.4.
Lemma 2.2 (Hausdorff-Cantelli). Let tBiuiě1 be a sequence of measurable
sets in Rk and suppose that for some 0 ď s ď k,ÿ
i
diampBiq
s ă 8.
Then
Hsplim sup
iÑ8
Biq “ 0.
2.2. Homogeneous dynamics. Our argument is based on the Dani corre-
spondence, which forms a connection between Diophantine approximation
and homogeneous dynamics. The classical Dani correspondence for homo-
geneous Diophantine approximation dates back to [D85] (See also [KM99]).
The analogous correspondence between inhomogeneous Diophantine approx-
imation and the dynamics in the space of grids have been used in [Kl99,
Sha11, ET11, LSS18, GV]. In this section, we introduce the space of grids
in Rm`n and the diagonal flow on this space. For d “ m` n, let
Gd “ SLdpRq and pGd “ ASLdpRq “ Gd ¸Rd,
and let
Γd “ SLdpZq and pΓd “ ASLdpZq “ Γd ¸ Zd.
Elements of pGd will be denoted by xg,wy, where g P Gd and w P Rd.
Denote by Xd “ Gd{Γd the space of unimodular lattices in R
d and denote
by pXd “ pGd{pΓd the space of unimodular grids, i.e. affine shifts of unimodular
lattices in Rd. For simplicity, let G :“ Gd, X :“ Xd and denote by mX the
Haar probability measure on Xd. For t P R, let
at :“ diagpe
t{m, . . . , et{m, e´t{n, . . . , e´t{nq.
Let us denote by
uA :“
ˆ
Im A
0 In
˙
P Gd and uA,b :“
Bˆ
Im A
0 In
˙
,
ˆ
b
0
˙F
P pGd
for A PMm,npRq and pA,bq P ĂMm,npRq. Let us also denote by
ΛA :“ uAZ
d P X and ΛA,b :“ uA,bZ
d P pXd,
where uA,bZ
d “
"ˆ
Aq` b´ p
q
˙
: p P Zm,q P Zn
*
. The expanding horo-
spherical subgroup of Gd with respect to tat : t ą 0u is given by H :“
tuA : A PMm,npRqu. On the other hand, The nonexpanding horospherical
subgroup of Gd with respect to tat : t ą 0u is given by
H˜ :“
"ˆ
P 0
R Q
˙
: P PMm,mpRq, Q PMn,npRq, R PMn,mpRq,detpP qdetpQq “ 1
*
.
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Note that H˜ is the complementary subgroup to H. We denote by mH and
mH˜ the left-invariant Haar measure on H and H˜, respectively.
Let d be a right invariant metric on G. We can take d to satisfy ||g ´
id|| ď dpg, idq for g in the sufficiently small ball BGr pidq, where || ¨ || is the
supremum norm on Md,dpRq. This metric induces metrics on H, H˜, and X
by restriction. We let BGr pidq, B
H
r pidq, B
h˜
r pidq, and B
X
r pidq denote the open
ball in G,H, H˜ , and X of radius r centered at the identity, respectively.
Following [KW19], we define the functions ∆ : pXd Ñ r´8,8q by
∆pΛq :“ log inf
vPΛ
}v},
which can be considered as the logarithm of a height function.
Lemma 2.3. [KM99, Lemma 8.3] Let m,n P N and T0 P R` be given.
Suppose ψ : rT0,8q Ñ R` is a continuous, non-increasing function. Then
there exists a unique continuous function
z “ zψ : rt0,8q Ñ R,
where t0 :“
m
m`n log T0 ´
n
m`n logψpT0q, such that
(1) the function t ÞÑ t` nzptq is strictly increasing and unbounded;
(2) the function t ÞÑ t´mzptq is nondecreasing;
(3) ψpet`nzptqq “ e´t`mzptq for all t ě t0.
The following lemmas reduce the inhomogeneous Diophantine approxi-
mation problem to the shrinking target problem on the space of grids.
Lemma 2.4. [KM99, KW19] Let ψ : rT0,8q Ñ R` be a non-increasing con-
tinuous function, and let z “ zψ be the function associated to ψ by Lemma
2.3. Then pA,bq P pDm,npψq if and only if ∆patΛA,bq ă zψptq for all suffi-
ciently large t.
Remark 2.5. In other words, Lemma 2.4 means thatpDm,npψqc “ lim sup
tÑ8
tpA,bq : ∆patΛA,bq ě zψptqu ,
pDbm,npψqc “ lim sup
tÑ8
tA : ∆patΛA,bq ě zψptqu .
Here, the limsup sets are taken for real values t P R. However, in the proof
of the convergent part, we are going to work with limsup sets taken for t P N
to apply the Hausdorff-Cantelli lemma. Thus, in the Section 3, we will use
the following alternative: there exists a constant C0 ą 0 satisfyingpDm,npψqc Ď lim sup
tÑ8,tPN
tpA,bq : ∆patΛA,bq ě zψptq ´C0u ,
pDbm,npψqc Ď lim sup
tÑ8,tPN
tA : ∆patΛA,bq ě zψptq ´ C0u .
This alternative holds since zψ is uniformly continuous by Lemma 2.3 and
Λ is uniformly continuous on the set Λ´1prz,8sq for any z P R ([KW19,
Lemma 2.1]).
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Lemma 2.6. Let ψ : rT0,8q Ñ R` be a non-increasing continuous function,
and let z “ zψ be the function associated to ψ by Lemma 2.3. For 0 ď s ď
mn, we have
8ÿ
q“rT0s
1
ψpqqq2
˜
q
1
n
ψpqq
1
m
¸mn´s
ă 8 ðñ
8ÿ
t“rt0s
e´pm`nqpzptq´
mn´s
mn
tq ă 8.
Proof. Note that if 0 ď s ď mn´n, both of the sum is infinity regardless of
ψ, thus we may assume mn´ n ă s ď mn. Following [KM99] and [KW19],
we replace the sums with integralsż 8
T0
1
ψpxqx2
˜
x
1
n
ψpxq
1
m
¸mn´s
dx and
ż 8
t0
e´pm`nqpzptq´
mn´s
mn
tqdt
respectively. Define
P :“ ´ log ˝ψ ˝ exp : rT0,8q Ñ R and λptq :“ t` nzptq.
Since ψpeλq “ e´P pλq, we haveż 8
T0
1
ψpxqx2
˜
x
1
n
ψpxq
1
m
¸mn´s
dx “
ż 8
log T0
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλqdλ
Using P pλptqq “ t´mzptq, we also haveż 8
t0
e´pm`nqpzptq´
mn´s
mn
tqdt “
ż 8
log T0
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλqd
„
m
m` n
λ`
n
m` n
P pλq

“
m
m` n
ż 8
log T0
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλqdλ
`
n
m` n
ż 8
log T0
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλqdP pλq.
The second term in the last line can be expressed by
n
m` n
ż 8
log T0
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλqdP pλq
“
n
m` n
ˆ
1`
mn´ s
m
˙´1 ż 8
log T0
e´p1´
mn´s
n qλdpep1`
mn´s
m qP pλqq
Using integration by parts, the last integral isż 8
log T0
e´p1´
mn´s
n qλdpep1`
mn´s
m qP pλqq
“
ˆ
1´
mn´ s
n
˙ż 8
log T0
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλqdλ
`
ˆ
lim
λÑ8
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλq ´ T
´p1´mn´sn q
0 ψpT0q
´p1`mn´sm q
˙
.
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Note that lim
λÑ8
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλq “ 0 if the integralż 8
log T0
e´p1´
mn´s
n qλ`p1`
mn´s
m qP pλqdλ
converges. Thus the convergence ofż 8
T0
1
ψpxqx2
˜
x
1
n
ψpxq
1
m
¸mn´s
dx or
ż 8
t0
e´pm`nqpzptq´
mn´s
mn
tqdt
implies the convergence of the other one since all summands are positive
except the finite value ´T
´p1´mn´sn q
0 ψpT0q
´p1`mn´sm q.

2.3. Ubiquitous systems. The proof of the divergent parts of Theorem
1.4, that is the singly metric case, is based on the ubiquity framework de-
veloped in [BDV06, BV09]. The concept of ubiquitous systems goes back to
[BS70] and [DRV90] as a method of determining lower bounds for the Haus-
dorff dimension of limsup sets. This concept was developed by Beresnevich,
Dickinson and Velani in [BDV06] to provide a very general and abstract ap-
proach for establishing the Hausdorff measure of a large class of limsup sets.
In this subsection, we introduce a simplified form of ubiquitous systems to
deal with the specific application as in [BDV06, Section 12.1].
We consider r0, 1smn with the supremum norm } ¨ }. Let R :“ pRαqαPJ
be a family of resonant sets Rα Ă r0, 1s
mn indexed by a countable set J .
We assume that each resonant set Rα is an pm´ 1qn-dimensional, rational
hyperplane following [BDV06, Section 12.1]. Let β : J Ñ R` : α ÞÑ βα be
a positive function on J for which the number of α P J with βα bounded
above is always finite. Given a set S Ă r0, 1smn, let
∆pS, rq :“ tX P r0, 1smn : distpX,Sq ă ru,
where distpX,Sq :“ inft}X ´ Y } : Y P Su. Fix a decreasing function
Ψ : R` Ñ R`, which is called the approximating function. For N P N, let
∆pΨ, Nq :“
ď
αPJ : 2N´1ăβαď2N
∆pRα,Ψpβαqq
and let
ΛpΨq :“ lim sup
NÑ8
∆pΨ, Nq “
8č
M“1
8ď
N“M
∆pΨ, Nq.
Throughout, ρ : R` Ñ R` will denote a function satisfying limtÑ8 ρptq “
0 and is usually referred to as the ubiquitous function. Let
∆pρ,Nq :“
ď
αPJ : 2N´1ăβαď2N
∆pRα, ρpβαqq.
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Definition 2.7 (Local ubiquity). Let B be an arbitrary ball in r0, 1smn.
Suppose that there exist a ubiquitous function ρ and an absolute constant
κ ą 0 such that
(2.1) |B X∆pρ,Nq| ě κ|B| for N ě N0pBq,
where | ¨ | denotes the Lebesgue measure on r0, 1smn. Then the pair pR, βq
is said to be a locally ubiquitous system relative to ρ.
With notations in [BDV06], the Lebesgue measure on r0, 1smn is of type
(M2) with δ “ mn and the intersection conditions are also satisfied with
γ “ pm´ 1qn (see [BDV06, Section 12.1]). These conditions are not stated
here but these extra conditions exist and need to be established for the more
abstract ubiquity.
Finally, a function h is said to be 2-regular if there exists a positive
constant λ ă 1 such that for N sufficiently large
hp2N`1q ď λhp2N q.
The following theorem is a simplified version of [BV09, Theorem 1].
Theorem 2.8. [BV09, Theorem 1] Suppose that pR, βq is a local ubiquitous
system relative to ρ and that Ψ is an approximating function. Furthermore,
suppose that ρ is 2-regular. Then for pm´ 1qn ă s ď mn
HspΛpΨqq “ Hspr0, 1smnq if
8ÿ
N“1
Ψp2N qs´pm´1qn
ρp2N qn
“ 8.
3. Proof of the convergent part
3.1. Weak-L1 estimate. To obtain the upper bound of Hausdorff dimen-
sion, we will basically count the number of covering balls following the ideas
from [KKLM17]. We are going to use the equidistribution of expanding
subgroup of the at-action on X to compute the Lebesgue measure of the
set of points visiting the shrinking target for each time t, following the
“thickening” technique of Margulis [M04]. We also refer to the formu-
lation of [KM96]. However, if we apply the thickening argument for L2
functions as usual, it does not give the optimal dimension upper bound.
To obtain the optimal dimension bound, we need a L1,w estimate as the
following Proposition 3.1. L1,w norm of a function f on X is defined by
||f ||L1,wpXq :“ sup
Mą0
MmXptx P X : |fpxq| ěMuq, and L
1,wpXq is the space
of measurable functions with finite L1,w-norm.
Proposition 3.1. Let H, H˜ be the maximal expanding, nonexpanding sub-
group of Gd, respectively. Assume that f P L
1,wpXq is a nonnegative func-
tion satisfying the following condition: there exist c, r0 ą 0 such that c ă
|fph˜xq
fpxq | for any h˜ P B
H˜
r0
pidq, x P X. Then for any x P X, there exist a
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constant K “ Kpxq ą 0 such that
mHp
 
h P BH1 pidq : fpathxq ěM
(
q ď
K
M
for all M ą 0, t ą 0, i.e. ||patq˚fx||L1,wpBH
1
pidqq is uniformly bounded for all
t ą 0 and x P X, where the function fx : H Ñ R is defined by fxphq “ fphxq.
Proof. Fix x P X and let EM,t :“
 
h P BH1 pidq : fpathxq ěM
(
. For con-
tradiction, suppose that for any K ą 0, there exist t,M ą 0 such that
mHpEM,tq ą
K
M
. Let EˆM,t :“
!
h˜h : h P EM,t, h˜ P B
H˜
r pidq
)
, where 0 ă r ă
r0 is a small real number to be determined later. Then for any h˜h P EˆM,t,
fpath˜hxq “ fppath˜a
´1
t qathxq ą cfpathxq ě cM
since ath˜a
´1
t P B
H˜
r pidq. We partition B
H
1 pidq into D1, ¨ ¨ ¨DN so that a map
πx : G Ñ X defined by πxpgq “ gx is injective on each Di. Note that the
number of the partition N is not depending on K. Choose r small enough
so that πx is injective on B
H˜
r pidqDi for all 1 ď i ď N . Let EM,t “
Nğ
i“1
Ei,
where Ei “ EM,t XDi, then
mXpty P X : fpyq ě cMuq “ mXpty P X : fpatyq ě cMuq
ě mXp
!
h˜hx P X : h˜h P EˆM,t
)
q
ě mGp
!
h˜h P G : h˜ P BH˜r pidq, h P Ei
)
q
— mH˜pB
H˜
r pidqqmHpEiq
for all 1 ď i ď N . Summing over 1 ď i ď N , we have
NmXpty P X : fpyq ě cMuq " mH˜pB
H˜
r pidqqmH pEM,tq
ą
mH˜pB
H˜
r pidqqK
M
and it implies }f}L1,wpXq “ 8 since K ą 0 is arbitrary and c, r,N are
independent to K. It contradicts the assumption f P L1,wpXq. 
3.2. Succesive minima function. Let λjpΛq denote the j-th succesive
minimum of a lattice Λ Ď Rd i.e. the infimum of λ such that the ball
BR
d
λ p0q contains j independent vectors. The following inequality explains
the relationship between the succesive minima functions λ1 and λd.
Theorem 3.2 (Mahler’s inequality, [Cas59], Theorem VI in Chapter VIII).
For any lattice Λ Ď Rd, 1 ď λ1pΛ
˚qλdpΛq ď d! holds, where Λ
˚ is the dual
lattice of Λ.
Note that the Haar measure mX is invariant under the dual operation
since the dual operation is induced by the transpose of the inverse of a
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matrix, which is an automorphism of G. Another ingredient we will use is
Siegel’s integral formula.
Theorem 3.3 (Siegel’s integral formula). For a compactly supported inte-
grable function f P L1pRdq, we define a function fˆ on X by
fˆpλq “
ÿ
vPΛzt0u
fpvq.
Then for any f as above,
ş
X
fˆdmX “
ş
Rd
fdmRd.
In the following Proposition 3.4 and 3.5, we will show that the function
λdd satisfies the assumption of Proposition 3.1.
Proposition 3.4. λdd P L
1,wpXq.
Proof. For any r ą 0,
(3.1)
mXp
!
Λ : λddpΛq ě pd!q
dr´d
)
q “ mXp
 
Λ : λdpΛq ě d!r
´1
(
q
ď mXptΛ : λ1pΛ
˚q ď ruq
“ mXptΛ : λ1pΛq ď ruq
ď
ż
ΛPX
{χBrp0qpΛqdmX pΛq
“
ż
Rd
χBrp0qdmRd — r
d,
thus λdd P L
1,wpXq. In (3.1), the second line is by Mahler’s inequality, the
third line is by the invariance of mX under the dual operation, the fourth
line is using the fact that λ1pΛq ď r implies {χBrp0qpΛq ě 1, and the last line
is by Siegel’s integral formula. 
Proposition 3.5. For any 0 ă c ă 1, there exists r ą 0 such that for any
g P G with dpg, idq ă r, cλdpΛq ă λdpgΛq ă c
´1λdpΛq holds for any Λ P X.
Proof. It suffices to show the statement under the stronger assumption that
both of g and g´1 are in the ball BGr pidq. Then there exist independent
vectors v1, ¨ ¨ ¨ , vd P Λ such that }v1} ď }v2} ď ¨ ¨ ¨ ď }vd} “ λdpΛq. For each
1 ď i ď d and any Λ P X,
}gvi ´ vi} ď d||g ´ id||}vi} ď drλdpΛq,
thus }gvi} ď p1 ` drqλdpΛq. It implies λdpgΛq ď p1 ` drqλdpΛq since
gv1, ¨ ¨ ¨ , gvd are independent vectors. Applying this for g
´1 and gΛ, in-
stead of g and Λ, we have
λdpΛq “ λdpg
´1gΛq ď p1` drqλdpgΛq.
Thus for any Λ P X and g P BGr pidq, p1 ` drq
´1λdpΛq ă λdpgΛq ă p1 `
drqλdpΛq holds. 
HAUSDORFF MEASURES AND DIRICHLET NON-IMPROVABLE AFFINE FORMS 13
3.3. The number of covering balls. In this subsection, we will construct
a sequence of coverings for pDm,npψqc and pDbm,npψqc to apply Hausdorff-
Cantelli Theorem. Recall that we adopt the supremum norm }¨} on r0, 1smn.
Proposition 3.6. Let C0 ą 0 be a constant described in Remark 2.5. For
t P N, let Zt :“ tA P r0, 1s
mn : logpdλdpatΛAqq ě zψptq ´ C0u. Then Zt can
be covered with Kepm`nqpt´zψptqq balls in Mm,npRq of radius
1
2
e´p
1
m
` 1
n
qt for
a constant K ą 0 not depending on t.
Proof. r0, 1smn can be covered with p(— epm`nqt) cubes D1,D2, ¨ ¨ ¨ ,Dp with
sides parallel to the axes of Rmn and of sidelength r :“ e´p
1
m
` 1
n
qt and having
mutually disjoint interiors.
Lemma 3.7. For t P N, let Z 1t :“
 
A P r0, 1smn : logpd2λdpatΛAqq ě zψptq ´ C0 ´ 1
(
.
For any t ě 1, if Di X Zt ‰ φ for some 1 ď i ď p, then Di Ă Z
1
t.
Proof. Assume that there exists x P Di but x R Z
1
t for some t ą 0. Choose
a point y P Di X Zt, then }x´ y} ď r and
||atux´ya´t ´ id|| “
ˇˇˇˇˇˇˇˇˆ
Im e
p 1
m
` 1
n
qtpx´ yq
In
˙
´ id
ˇˇˇˇˇˇˇˇ
ď }ep
1
m
` 1
n
qtpx´ yq} ď 1.
Thus, for g “ atux´ya´t, it satisfies ||g´ id|| ď 1 and atΛy “ gatΛx. On the
other hand, logpd2λdpatΛxqq ă zψptq ´ C0 ´ 1, logpdλdpatΛyqq ě zψptq ´ C0
hold since x R Z 1t, y P Zt. We can take independent vectors v1, ¨ ¨ ¨ , vd P R
d
in the lattice atΛx satisfying }vi} ă
1
d2
ezψptq´C0´1 for all 1 ď i ď d. Let
wi “ gvi, then wi’s are independent vectors in the lattice atΛy and satisfy
}wi} ď d||g||}vi} ď 2d}vi} ă
2
d
ezψptq´C0´1 ă
1
d
ezψptq´C0
for all 1 ď i ď d. Thus we obtain logpdλdpatΛyqq ă zψptq ´ C0 but it
contradicts to y P Zt. 
By reordering the Di’s if necessary, we can assume that
 
D1, ¨ ¨ ¨ ,Dp1
(
“
tDi : Di X Zt ‰ φu. Then Zt Ď
p1ď
i“1
Di Ď Z
1
t by Lemma 3.7. Now we will
apply Proposition 3.1 for the function λdd. Then we have
mRmnpZ
1
tq ď mRmn
ˆ"
A P r0, 1smn : λdpatΛAq ě
1
d2
ezψptq´C0´1
*˙
— mH
ˆ"
h P BH1 pidq : λ
d
dpathZ
dq ě
1
d2d
edpzψptq´C0´1q
*˙
! e´dzψptq.
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On the other hand, mRmnpZ
1
tq ě
p1ÿ
i“1
mRmnpDiq “ p
1e´dt holds, thus we fi-
nally obtain p1 ! edpt´zψptqq. It means that Zt can be covered by ! e
dpt´zψptqq
many balls of r-radius since Zt Ď
p1ď
i“1
Di. 
Proposition 3.8. Let 0 ď s ď mn. If
ř8
q“1
1
ψpqqq2
ˆ
q
1
n
ψpqq
1
m
˙mn´s
ă 8, then
Hsplim sup
tÑ8
Ztq “ 0 and H
s`mplim sup
tÑ8
Zt ˆ r0, 1s
mq “ 0.
Proof. By Lemma 2.6, the assumption
ř8
q“1
1
ψpqqq2
ˆ
q
1
n
ψpqq
1
m
˙mn´s
ă 8 is
equivalent to
ř8
t“1 e
´pm`nqpzptq´mn´smn tq ă 8. For each t P N, letDt1,Dt2, ¨ ¨ ¨ ,Dtpt
be the balls of radius 1
2
e´p
1
m
` 1
n
qt covering Zt as in Proposition 3.6. Note that
pt, the number of the balls, is not greater than Ke
pm`nqpt´zψptqq by Proposi-
tion 3.6. By applying Lemma 2.2 to a sequence of balls tDtjutPN,1ďjďpt, we
have Hsplim sup
tÑ8
Ztq ď H
splim sup
tÑ8
Dtjq “ 0.
We prove the second statement by a similar argument. Proposition 3.6
implies that Ztˆ r0, 1s
m can be covered with Ke
m`n
n
tepm`nqpt´zψptqq balls of
radius 1
2
e´p
1
m
` 1
n
qt. Applying Lemma 2.2 again, we have Hs`mplim sup
tÑ8
Zt ˆ
r0, 1smq “ 0.

The convergent part of Theorem 1.3 and 1.4 follows this proposition.
Proof of Theorem 1.3 and 1.4. We first prove the singly metric case, Theo-
rem 1.4. We claim that logpdλdpatΛAqq ě ∆patΛA,bq for every b P R
m. Let
v1, ¨ ¨ ¨ , vd be independent vectors satisfying }vi} ď λdpatΛAq for 1 ď i ď d.
The shortest vector of atΛA,b can be written as a form of
dÿ
i“1
αivi for some
´1 ď αi ď 1’s, so the length of the shortest vector is less than
dÿ
i“1
}vi}.
Thus, ∆patΛA,bq ď log
dÿ
i“1
}vi} ď logpdλdpatΛAqq. It implies pDbm,npψqc Ď
lim sup
tÑ8
tA P r0, 1smn : ∆patΛA,bq ě zψptq ´ C0u Ď lim sup
tÑ8
Zt by Lemma 2.4,
thus we obtain Hsp pDbm,npψqcq ď Hsplim sup
tÑ8
Ztq “ 0 by Proposition 3.8.
Similarly for the doubly metric case, together with the second statement of
Proposition 3.8, pDm,npψqc Ď lim sup
tÑ8
 
pA,bq P r0, 1smn`m : ∆patΛA,bq ě zψptq ´ C0
(
Ď
lim sup
tÑ8
Zt ˆ r0, 1s
m provides the proof of Theorem 1.3. 
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4. Proof of the divergent part
4.1. Notation and a transference lemma. Let d “ m ` n and assume
that ψ : rT0,8q Ñ R` be a decreasing function satisfying limTÑ8 ψpT q “ 0.
Denote by } ¨ }Z and | ¨ |Z the distance to the nearest integral vector and
integer, respectively. Define the function rψ : rS0,8q Ñ R` byrψpSq “ `ψ´1pS´mq˘´ 1n ,
where S0 “ ψpT0q
´1{m. We associate ψ-Dirichlet non-improvability withrψ-approximability via a transference lemma as follows.
Lemma 4.1 (A transference lemma, [Cas57]). Given pA,bq P ĂMm,npRq, if
the system
}tAx}Z ă d
´1|b ¨ x|Z rψpSq and }x} ă d´1|b ¨ x|ZS
has a nontrivial solution x P Zm for an unbounded set of S ě S0, then
pA,bq P pDm,npψqc.
Proof. Using part A of Theorem XVII in Chapter V of [Cas57] with C “
ψpT q1{m and X “ T 1{n, the fact that
}Aq´ b}Z ď ψpT q
1{m and }q} ď T 1{n
for some q P Zn implies that
|b ¨ x|Z ď dmaxpT
1{n}tAx}Z, ψpT q
1{m}x}q
holds for all x P Zm. Thus the lemma follows with S “ ψpT q´1{m andrψpSq “ T´1{n since limTÑ8 ψpT q “ 0. 
Thus we adopt the following notations for each S ě S0 and 0 ă ǫ ă 1{2 :
‚ Let WS,ǫ be the set of A P r0, 1s
mn such that there exists xA,S P
Zmzt0u satisfying
}tAxA,S}Z ă d
´1ǫ rψpSq and }xA,S} ă d´1ǫS.
‚ xWS,ǫ :“ tpA,bq P r0, 1smn`m : A PWS,ǫ and |b ¨ xA,S|Z ą ǫu.
‚ For fixed b P Rm, let Wb,S,ǫ be the set of A P r0, 1s
mn such that
there exists x P Zmzt0u satisfying
(i) |b ¨ x|Z ą ǫ,
(ii) }tAx}Z ă d
´1ǫ rψpSq and }x} ă d´1ǫS.
‚ Wb,ǫ :“ lim sup
SÑ8
Wb,S,ǫ.
Note that A P WS,ǫ if and only if
}tAxA,S}Z ă ΨǫpUq and }xA,S} ă U,
where
(4.1) ΨǫpUq :“ d
´1ǫ rψpdǫ´1Uq.
By Lemma 4.1, lim sup
SÑ8
xWS,ǫ Ă pDm,npψqc and Wb,ǫ Ă pDbm,npψqc.
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We remark that lim sup
SÑ8
WS,ǫ is the set of Ψǫ-approximable matrices, that
is, lim sup
SÑ8
WS,ǫ “ tA P r0, 1s
mn : tA P Wn,mpΨǫqu. Here and hereafter, as
mentioned before in footnote 1, we adopt the slightly different definition
for Ψǫ-approximability, where the inequality }
tAx}Z ă Ψǫp}x}q is used in-
stead of (1.3). Then, Wb,ǫ can be considered as the set of Ψǫ-approximable
matrices with solutions restricted on the set tx P Zm : |b ¨ x|Z ą ǫu.
4.2. Mass distributions on Ψǫ-approximable matrices. In this subsec-
tion, we prove the divergent part of Theorem 1.3 using mass distributions
on Ψǫ-approximable matrices following [AB18].
Lemma 4.2. For each 0 ď s ď mn and 0 ă ǫ ă 1{2, let U0 “ d
´1ǫS0.
Then,
8ÿ
q“rT0s
1
ψpqqq2
˜
q
1
n
ψpqq
1
m
¸mn´s
ă 8 ðñ
8ÿ
h“rU0s
hm`n´1
ˆ
Ψǫphq
h
˙s´npm´1q
ă 8.
Proof. Since Ψǫphq “ d
´1ǫ rψpdǫ´1hq,
8ÿ
h“rU0s
hm`n´1
ˆ
Ψǫphq
h
˙s´npm´1q
ă 8 ðñ
8ÿ
q“rS0s
qm`n´1
˜ rψpqq
q
¸s´npm´1q
ă 8.
Thus, similar to Lemma 2.6, we may assume mn´ n ă s ď mn and replace
the sums with integrals
ż 8
T0
1
ψpxqx2
˜
x
1
n
ψpxq
1
m
¸mn´s
dx and
ż 8
S0
ym`n´1
˜ rψpyq
y
¸s´npm´1q
dy,
respectively. Since rψpyq “ ψ´1py´mq´ 1n , we have
ż 8
S0
ym`n´1
˜ rψpyq
y
¸s´npm´1q
dy “
ż 8
S0
ymn`m´1´s
`
ψ´1py´mq
˘m´1´ s
n dy
“ m
ż 8
pS0qm
tn´
s
m
`
ψ´1pt´1q
˘m´1´ s
n dt
“ m
ż 8
ψ´1pS´m
0
q
xm´1´
s
nψpxq´n`
s
m dψpxq´1
“ m
´
n` 1´
s
m
¯´1 ż 8
T0
xm´1´
s
n d
`
ψpxq´1
˘n`1´ s
m
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Using integration by parts,ż 8
T0
xm´1´
s
n d
`
ψpxq´1
˘n`1´ s
m
“
´
lim
xÑ8
xm´1´
s
nψpxq´n´1`
s
m ´ T
m´1´ s
n
0 ψpT0q
´n´1` s
m
¯
`
ˆ
s´ npm´ 1q
n
˙ż 8
T0
ψpxq´n´1`
s
mxm´2´
s
ndx.
Observe thatż 8
T0
ψpxq´n´1`
s
mxm´2´
s
n dx “
ż 8
T0
ψpxq´n´1`
s
mxm´1´
s
n d log x.
Thus the convergence of
ş8
T0
ψpxq´n´1`
s
mxm´2´
s
ndx gives that
lim
xÑ8
xm´1´
s
nψpxq´n´1`
s
m ă 8.
Hence the convergence ofż 8
T0
1
ψpxqx2
˜
x
1
n
ψpxq
1
m
¸mn´s
dx or
ż 8
S0
ym`n´1
˜ rψpyq
y
¸s´npm´1q
dy
implies the convergence of the other one since all summands are positive
except the finite value ´T
m´1´ s
n
0 ψpT0q
´n´1` s
m . 
Lemma 4.3. [AB18, Section 5] Assume that
8ÿ
q“1
1
ψpqqq2
˜
q
1
n
ψpqq
1
m
¸mn´s
“ 8.
Fix 0 ă ǫ ă 1{2. Then, for any η ą 1, there exists a probability measure
µ on lim sup
SÑ8
WS,ǫ satisfying the condition that for any arbitrary ball D of
sufficiently small radius rpDq we have
µpDq !
rpDqs
η
,
where the implied constant does not depend on D or η.
Proof. Note that lim sup
SÑ8
WS,ǫ “ tA P r0, 1s
mn : tA PWn,mpΨǫqu. By Lemma
4.2,
ř8
h“1 h
m`n´1
´
Ψǫphq
h
¯s´npm´1q
“ 8, which is the divergent assumption
of Jarn´ık’s Theorem (Theorem 1.1) forWn,mpΨǫq. From the proof of Jarn´ık’s
Theorem in [AB18] and the construction of a probability measure in [AB18,
Section 5] we can obtain a probability measure µ on lim sup
SÑ8
WS,ǫ satisfying
the above condition. 
Let us give a proof of the divergence part of Theorem 1.3.
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Proof of Theorem 1.3. If s “ mn ` m, then it follows from Theorem 1.2.
Assume that m ď s ă mn `m and fix 0 ă ǫ ă 1{2. For any fixed η ą 1,
let µ be a probability measure on lim sup
SÑ8
WS,ǫ as in Lemma 4.3 with s´m
instead of s. Consider the product measure ν “ µ ˆ mRm , where mRm is
the canonical Lebesgue measure on Rm, and let π1 and π2 be the natural
projections from Rmn`m to Rmn and Rm, respectively. For any fixed integer
N ě 1, let VS,ǫ “ WS,ǫz
S´1ď
k“N
Wk,ǫ and pVS,ǫ “ tpA,bq P xWS,ǫ : A P VS,ǫu and
EA,S,ǫ “ tb P r0, 1s
m : |b ¨ xA,S |Z ą ǫu. Note that mRmpEA,S,ǫq ě 1 ´ 2ǫ.
Using Fubini’s theorem, we have
νp
ď
SěN
xWS,ǫq “ νp ď
SěN
pVS,ǫq “ ÿ
SěN
νppVS,ǫq
ě
ÿ
SěN
p1´ 2ǫqµpVS,ǫq “ p1´ 2ǫqµp
ď
SěN
WS,ǫq
“ 1´ 2ǫ.
Since N ě 1 is arbitrary, we have νplim sup
SÑ8
xWS,ǫq ě 1´ 2ǫ.
For any arbitrary ball B Ă Rmn`m of sufficiently small radius rpBq, we
have
(4.2) νpBq “ µpπ1pBqq ˆmRmpπ2pBqq !
rpBqs
η
,
where the implied constant does not depend on B or η. If 0 ď s ă m, we
have (4.2) with µ in Lemma 4.3 with s “ 0.
By the Mass Distribution Principle (Lemma 2.1) and Lemma 4.1, we have
Hsp pDm,npψqcq ě Hsplim sup
SÑ8
xWS,ǫq " p1´ 2ǫqη
and the proof is finished by taking η Ñ8.

4.3. Local ubiquity for Wb,ǫ. The singly metric case is more complicated
than the doubly metric case. In this subsection, we will prove Theorem
1.4 by establishing the ubiquitous system for Wb,ǫ with an appropriate ǫ as
follows.
For b “ pb1, . . . , bmq P R
mzZm, define
(4.3) ǫpbq :“ min
1ďjďm, |bj |Zą0
|bj |Z
4
.
Note that the fact that b P RmzZm implies ǫpbq ą 0. The following lemma
will be used when we count the number of integral vectors z P Zm such that
(4.4) |b ¨ z|Z ď ǫpbq.
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Lemma 4.4. For b “ pb1, . . . , bmq P R
mzZm, let ǫpbq be as in (4.3) and
1 ď i ď m be an index such that ǫpbq “ |bi|Z
4
. Then, for any x P Zm, at
most one of x and x` ei satisfies (4.4), where ei denotes the vector with a
1 in the ith coordinate and 0’s elsewhere.
Proof. Observe that if |b ¨ x|Z ď ǫpbq, thenˇˇ
|b ¨ px˘ eiq|Z ´ | ˘ bi|Z
ˇˇ
ď |b ¨ x|Z ď ǫpbq.
By definition of ǫpbq, we have
|b ¨ px˘ eiq|Z ě |bi|Z ´ ǫpbq ą ǫpbq.

Now we fix b P RmzZm and write ǫ0 :“ ǫpbq and Ψ0 :“ Ψǫ0 as we set in
(4.1) and (4.3). With notations in Subsection 2.3, let
J :“ tpx,yq P Zm ˆ Zn : }y} ď m}x} and |b ¨ x|Z ą ǫ0u, Ψphq :“
Ψ0phq
h
,
α :“ px,yq P J, βα :“ }x}, Rα :“ tA P r0, 1s
mn : tAx “ yu.
Note that Wb,ǫ0 “ ΛpΨq and the family R of resonant sets Rα consists of
pm´ 1qn-dimensional, rational hyperplanes.
By Lemma 4.2, we may assume that
ř8
h“1 h
m`n´1
´
Ψ0phq
h
¯s´npm´1q
“ 8.
Then we can find a strictly increasing sequence of positive integers thiuiPN
such that ÿ
hi´1ăhďhi
hm`n´1
ˆ
Ψ0phq
h
˙s´pm´1qn
ą 1
and hi ą 2hi´1. Put ωphq :“ i
1
n if hi´1 ă h ď hi. Then ω is 2-regular and
8ÿ
h“1
hm`n´1
ˆ
Ψ0phq
h
˙s´npm´1q
ωphq´n “ 8.
For a constant c ą 0, define the ubiquitous function ρc : R
` Ñ R` by
(4.5) ρcphq :“
$&%ch
´ 1`n
n if m “ 1,
ch´
m`n
n ωphq if m ě 2,
Clearly the ubiquitous function is 2-regular.
Theorem 4.5. The pair pR, βq is a locally ubiquitous system relative to
ρ “ ρc for some constant c ą 0.
Proof of Theorem 1.4. For fixed b “ pb1, . . . .bmq P R
mzZm, assume that bi R
Z. If bi is rational, then there is 0 ă ǫ ă 1{2 such that |kbi|Z ą ǫ for infinitely
many positive integer k. If bi is irrational, then the set tkbi pmod 1q : k P Zu
is dense in r0, 1s. Hence, for any fixed 0 ă ǫ ă 1{2, |kbi|Z ą ǫ holds for
infinitely many positive integer k. Let us denote that increasing sequence by
pkjq
8
j“1. This observation implies that the set tA P r0, 1s
mn : }tAkjei}Z “ 0u,
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which is the finite union of pm´ 1qn-dimensional hyperplanes, is a subset of
Wb,ǫ for each j P N. Hence for any 0 ď s ď pm´ 1qn
HspDbm,npψq
cq ě HspWb,ǫq “ H
spr0, 1smnq.
Now assume that pm ´ 1qn ă s ď mn. It follows from Theorem 2.8 and
Theorem 4.5 that
HspDbm,npψq
cq ě HspWb,ǫ0q “ H
spr0, 1smnq.
Here, we use the fact that the divergence and convergence of the sums
8ÿ
N“1
2Nαfp2N q and
8ÿ
h“1
hα´1fphq coincide
for any monotonic function f : R` Ñ R` and α P R. 
Recall that we adopt the supremum norm } ¨ } on r0, 1smn following Sub-
section 2.3. We consider m “ 1 and m ě 2, separately.
Proof of Theorem 4.5 for m “ 1. Note that, for px,yq P J , the resonant
set Rpx,yq is the one point set t
y
x
:“
`
y1
x
, . . . , yn
x
˘
u and ∆pRx,y, ρp2
N qq “
Bpy
x
, ρp2N qq, the ball of radius ρp2N q centered at y
x
. We basically follow the
strategy in [Tho04, Chapter 3].
Let B an arbitrary square in r0, 1sn and write B “
śn
i“1rli, uis, l “
pl1, . . . , lnq, u “ pu1, . . . , unq. We restrict y to gcdpx,yq “ 1 and
y
x
P B.
Observe that
(4.6) |B X∆pρ,Nq| ě
ˇˇˇˇ
ˇˇˇˇ ď
2N´1ăxď2N
|b¨x|Ząǫ0
ď
xlďyďxu
gcdpx,yq“1
B
´
y
x
, ρp2N q
¯ˇˇˇˇˇˇˇˇ`Opρp2N qq.
Here, xl ă y ă xu means that xli ă yi ă xui for all 1 ď i ď n. Let
T pNq :“
!y
x
P Qn : px,yq P J, gcdpx,yq “ 1, xl ď y ď xu, 2N´1 ă x ď 2N
)
,
GpNq :“
!y
x
P T pNq : B
´y
x
, ρp2N q
¯
XB
´s
t
, ρp2N q
¯
“ ∅, @
s
t
´
‰
y
x
¯
P T pNq
)
.
Lemma 4.6. For N large enough
(1) #T pNq ě c1|B|2
Npn`1q for some constant 0 ă c1 ă 1.
(2) #GpNq ě 1
2
#T pNq.
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Thus, it follows from Lemma 4.6 that for N large enough
r.h.s. of (4.6) ě
ˇˇˇˇ
ˇˇ ğ
y
x
PGpNq
B
´
y
x
, ρp2N q
¯ˇˇˇˇˇˇ`Opρp2N qq
“ #GpNq ˆ 2nρp2N qn `Opρp2N qq
ě
1
2
#T pNq ˆ 2nρp2N qn `Opρp2N qq
ě cnc12
n´1|B| `Opρp2N qq ě
1
2
cnc12
n´1|B|.
Thus the local ubiquity follows from (4.6).
Proof of (1) in Lemma 4.6. Note that for α ą 0 and ℓ P N
(4.7)
ÿ
1ďkďαℓ
gcdpk,ℓq“1
1 “
ÿ
1ďkďαℓ
ÿ
d| gcdpk,ℓq
µpdq “
ÿ
d|ℓ
µpdq
ÿ
1ďk1ďαℓ{d
1
“
ÿ
d|ℓ
µpdqtαℓ{du “ αϕpℓq `Opτpℓqq.
where τpℓq “
ř
d|ℓ 1, the number of divisors of ℓ. Here and hereafter, µ, ϕ,
and t¨u stand for the Mo¨bius function, Euler function, and floor function,
respectively.
Fix small 0 ă ǫ ă 3
π2
´ 1
4
. Note that 1
N2
řN
q“1 ϕpqq Ñ
3
π2
as N Ñ 8
(see [HW60, Theorem 330]) and τphq “ Ophδq for any δ ą 0 (see [HW60,
Theorem 315]). Thus, for N large enough and for δ ą 0 small enough,
#T pNq “
ÿ
2N´1ăxď2N
|b¨x|Ząǫ0
ÿ
xlďyďxu
gcdpx,yq“1
1 ě
ÿ
2N´1ăxď2N
|b¨x|Ząǫ0
ÿ
xliďyiďxui
i“2,...,n
ÿ
xl1ďy1ďxu1
gcdpx,y1q“1
1
ě
ÿ
2N´1ăxď2N
|b¨x|Ząǫ0
`
|B|ϕpxqxn´1 `Opxn´1τpxqq
˘
ě
ÿ
2N´1ăxď2N
|b¨x|Ząǫ0
|B|ϕpxq2pN´1qpn´1q `Op2Npn`δqq
ě |B|2pN´1qpn´1q
¨˚
˚˝ ÿ
2N´1ăxď2N
ϕpxq ´
ÿ
2N´1ăxď2N
|b¨x|Zďǫ0
x
‹˛‹‚`Op2Npn`δqq
ě |B|2pN´1qpn´1q
ˆ
3
π2
´
1
4
´ ǫ
˙
p22N ´ 22pN´1qq “ c1|B|2
Npn`1q.
The second line is by (4.7) and the fifth line is by Lemma 4.4. 
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Proof of (2) in Lemma 4.6. Let BpNq :“ T pNqzGpNq. By definition, y
x
P
BpNq if and only if there is a point s
t
`
‰ y
x
˘
P T pNq such that
B
´
y
x
, ρp2N q
¯
XB
´
s
t
, ρp2N q
¯
‰ ∅.
The coprimeness condition ensures that the centers y
x
and s
t
of the balls are
distinct. Thus, we have 0 ă
››y
x
´ s
t
›› ď 2ρp2N q, or, equivalently,
0 ă }ty ´ xs} ď 2xtρp2N q.
It follows that the associated 4-tuple py, x, s, tq is an element of the set
V pNq :“ tpy, x, s, tq : 0 ă }ty ´ xs} ď 22N`1ρp2N q, gcdpx,yq “ gcdpt, sq “ 1,
1 ď x, t ď 2N , xl ď y ď xu, tl ď s ď tuu
Hence, #BpNq ď #V pNq and it enough to show that #V pNq ă 1
2
#T pNq.
We claim that
Claim. Given x, t P N, the number of solutions py, sq P N2 to
(4.8) 0 ă |ty ´ xs| ď A, xl ď y ď xu, tl ď s ď tu,
with gcdpx, yq “ gcdpt, sq “ 1, is not greater than 2pu´ lqA.
Proof. Following [H98, Section2.3, p.39], put d “ gcdpx, tq, x1 “ x{d and
t1 “ t{d. Clearly there are no solutions if A ă d. Otherwise, we have
t1y ” a pmod x1q
for some a, with 1 ď |a| ď A{d. Note that for any given a there is at most
one solution in y modulo x1, hence at most pu´ lqx{x1 “ pu´ lqd solutions y
with xl ď y ď xu. Thus (4.8) hasď p2A{dqpu´lqd “ 2pu´lqA solutions. 
Thus it follows that
#V pNq ď
ÿ
1ďxď2N
ÿ
1ďtď2N
nź
i“1
pui ´ liq2
2N`2ρp2N q
ď 22N |B|cn22n2Npn´1q “ cn22n|B|2Npn`1q
ă
1
2
#T pNq
by choosing c ă pc12
´p2n`1qq1{n. 

Proof of Theorem 4.5 for m ě 2. Note that it suffices to show that
(4.9) |∆pρ,Nq| Ñ 1 as N Ñ8
for the local unbiquity. Instead of the strategy for m “ 1, we will use mean
and variance techniques in [DV97] using the auxiliary function ω in (4.5).
Without loss of generality we may assume that ǫ0 “ ǫpbq “
|b1|Z
4
. Let
IpNq denote the set of vectors x “ px1, . . . , xmq P Z
m such that
(1) N ď x1 ď 2N ,
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(2) For i “ 2, . . . ,m,
1 ď xi ď
N
ωp2Nq
1
2pm´1q
,
(3) gcdpxq “ 1,
(4) |b ¨ x|Z ą ǫ0.
Denote by JpNq :“ tpx,yq P IpNq ˆ Zn : }y} ď m}x}u. Then JpNq Ă J .
Let χ∆px,yq be the characteristic function
χ∆px,yqpAq :“
"
1 if A P ∆px,yq,
0 otherwise,
where
∆px,yq :“ ∆pRpx,yq, N
´m
n ωp2Nq}x}´1q.
Also, for a matrix A P r0, 1smn, define
νN pAq :“
ÿ
px,yqPJpNq
χ∆px,yqpAq.
Thus νN pAq is the number of resonant sets Rpx,yq for px,yq P JpNq which are
‘close’ to tA, i.e. such that }tAx´ y} ă δpNq, where δpNq :“ N´
m
n ωp2Nq.
Denote by µN and σ
2
N the mean and variance respectively, that is
µN :“
ż
r0,1smn
νN pAqdA and σ
2
N :“
ż
r0,1smn
ν2N pAqdA´ µ
2
N .
Since }x}´1 ď N´1 for any x P IpNq, we have
∆pRpx,yq, N
´m
n ωp2Nq}x}´1q Ă ∆pRpx,yq, ρp2Nqq
by taking c ă 2
m`n
n . Thus, we claim that
|ZN | Ñ 0 as N Ñ 8,
where ZN :“ ν
´1
N p0q “ tA P r0, 1s
mn : νN pAq “ 0u, which implies (4.9) by
replacing N with 2N´1.
Lemma 4.7. For N large enough, σ2N ď µN and µN ě c0ωp2Nq
1
2 for some
positive constant c0 independent of N .
Proof. Suppose that N is large enough so that δpNq “ N´
m
n ωp2Nq ă 1
2
.
By Lemma 8 in [Spr79], for x P IpNq,ÿ
y:px,yqPJpNq
ż
r0,1smn
χ∆px,yqpAqdA “ |tA P r0, 1s
mn : }tAx}Z ă δpNqu|
“ p2δpNqqn “ 2nN´mωp2Nqn.
Hence
µN “
ÿ
px,yqPJpNq
ż
r0,1smn
χ∆px,yqpAqdA “
ÿ
xPIpNq
2nN´mωp2Nqn.
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Let piq denote the set of vectors x P Zm satisfying the condition piq in the
definition IpNq for each i “ 1, 2, 3, 4. Note thatÿ
xPIpNq
1 ě
ÿ
xPp1qXp2qXp3q
1´
ÿ
xPp1qXp2qXp4qc
1.
Following [Spr79, p.40],ÿ
xPp1qXp2qXp3q
1 “
ÿ
xPp1qXp2q
ÿ
d| gcdpxq
µpdq
“
ÿ
Nďx1ď2N
ÿ
d|x1
µpdq
[
N
dωp2Nq
1
2pm´1q
_m´1
“
ÿ
Nďx1ď2N
¨˝
Nm´1
ωp2Nq
1
2
ÿ
d|x1
µpdq
dm´1
`O
¨˝
Nm´2
ÿ
d|x1
|µpdq|
dm´2
‚˛˛‚
“
$’’’’’&’’’’’%
ÿ
Nďx1ď2N
N
ωp2Nq
1
2
ϕpx1q
x1
`Opτpx1qq if m “ 2,
ÿ
Nďx1ď2N
Nm´1
ωp2Nq
1
2
ź
p|h
p prime
ˆ
1´
1
pm´1
˙
`OpNm´2τpx1qq if m ě 3.
Fix small 0 ă ǫ ă 6
π2
´ 1
2
. Note that 1
N
řN
q“1
ϕpqq
q
Ñ 6
π2
as N Ñ 8 (see
[H98, Lemma 2.4]) and τphq “ Ophδq for any δ ą 0 (see [HW60, Theorem
315]). In the case m “ 2, we haveÿ
xPp1qXp2qXp3q
1 ě
ˆ
6
π2
´ ǫ
˙
N2
ωp2Nq
1
2
for all large enough N . If m ě 3, thenź
p|h
p prime
ˆ
1´
1
pm´1
˙
ą
ź
p prime
ˆ
1´
1
p2
˙
“
6
π2
,
hence we have that for all large enough N ,ÿ
xPp1qXp2qXp3q
1 ě
ˆ
6
π2
´ ǫ
˙
Nm
ωp2Nq
1
2
.
On the other hand, it follows from Lemma 4.4 thatÿ
xPp1qXp2qXp4qc
1 ď
1
2
Nm
ωp2Nq
1
2
.
Taking c0 “ 2
n
`
6
π2
´ 1
2
´ ǫ
˘
ą 0, it follows that
µN “ 2
nN´mωp2Nqn
ÿ
xPIpNq
1 ě c0ωp2Nq
1
2 .
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To prove that σ2N ď µN , we note that, for x ‰ x
1 P IpNq,ÿ
y:px,yqPJpNq
ÿ
y1:px1,y1qPJpNq
ż
r0,1smn
χ∆px,yqpAqχ∆px1,y1qpAqdA
“ |tA P r0, 1smn : }tAx}Z ă δpNqu| ˆ |tA P r0, 1s
mn : }tAx1}Z ă δpNqu|
“ 22nN´2mωp2Nq2n.
by Lemma 9 in [Spr79]. Thus we haveż
r0,1smn
ν2N pAqdA
“
ÿ
xPIpNq
ÿ
x1PIpNq
ÿ
y:px,yqPJpNq
ÿ
y1:px1,y1qPJpNq
ż
r0,1smn
χ∆px,yqpAqχ∆px1,y1qpAqdA
“ µN ` 2
2nN´2mωp2Nq2n
ÿ
x‰x1PIpNq
1 ď µN ` µ
2
N .
By definition of σ2N , we have
σ2N ď µN .

Note that
σ2N “
ż
r0,1smn
pνN pAq ´ µN q
2 dA ě
ż
ZN
pνN pAq ´ µN q
2 dA “ µ2N |ZN |.
This together with Lemma 4.7 implies that
|ZN | ď
1
µN
Ñ 0 as N Ñ8.

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